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In this paper, we investigate the Randall-Sundrum type braneworld models in the scalar-tensor
theory with field derivative coupling to the Einstein tensor. We first formulate the generalized
junction conditions of the metric and the scalar field on the timelike codimension-one hypersurface
(=brane). With the use of these junction conditions, we then derive the Minkowski and de Sitter
brane solutions embedded into the Z2-symmetric five-dimensional anti-de Sitter (AdS) bulk space-
time. The configuration of the scalar field depends on the slice of the AdS spacetime. These branes
are supported by the tension and not coupled to the scalar field. The Minkowski brane solution can
be obtained when the brane tension is tuned to the bulk contributions. Once this tuning relation is
broken, the de Sitter brane solutions are obtained. The de Sitter brane solutions have two branches.
One has the smooth limit to the case where the scalar field becomes trivial, while the other branch
does not. The latter branch has the upper bound on the brane tension, where the expansion rate
vanishes. Finally, we investigate the low energy effective gravitational theory realized on the brane,
which is given by the four-dimensional Einstein-scalar theory with the corrections from the bulk.
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I. INTRODUCTION
Recently, the modified gravity theories have received the renewed interests (see e.g., [1] and references therein).
The main motivation arises due to the fact that recent cosmological observational data have suggested the necessity
of introducing a couple of the mysterious components in the past and present universe to explain the cosmic history
consistently. One of them is the present day’s accelerated expansion of the universe. Except for the simplest ex-
planation by introducing a cosmological constant or an alternative dark energy source, modifying the gravitational
force law at the cosmological distance scales provides another possible way of explaining this. The other important
issue is what causes the inflationary expansion of the primordial universe. The higher curvature corrections to general
relativity motivated by the unified theory, such as the R2 corrections [2], have also been thought to be promising ways
to providing the successful models of inflation.
On the other hand, some kinds of the candidates of the unified theory and phenomenological extension of general
relativity, such as superstring/M-theory, predict the higher dimensional spacetime instead of the four-dimensional
one. Although the idea of introducing an extra dimensional space has a long history, the recent studies have been
motivatived by the developments in superstring/M-theory. In contrast to the traditional higher-dimensional approach
where the extra dimensions should be extremely small, string theory has suggested a variety of ingredients in the
extra dimensional space which may be useful for cosmological and phenomenological model buildings. An interesting
approach to the cosmological model construction has been the so-called braneworld model [3–8] which assumes that
our universe corresponds to a four-dimensional brane located at the boundary of the (warped) extra dimensional space
and all the fundamental interactions except for gravity are confined to the brane (see also e.g., [9–11] and references
therein). Such a possibility has motivated us to study the possible signatures from extra dimensions which should
be detected in the future experiments and observations. Among the various models, in this paper we would like to
investigate some extension of the so-called Randall-Sundrum type models where our brane universe is located at the
boundary of the Z2 symmetric five-dimensional anti-de Sitter (AdS) bulk spacetime [6–8].
The higher curvature corrections to the five-dimensional Randall-Sundrum braneworld models have been considered,
e.g., by adding the Gauss-Bonnet corrections to the bulk gravity action (see e.g., [12–16]) or the induced gravity term
to the brane action [17, 18]. However, taking the fact that superstring/M-theory predicts ten- or eleven-dimensional
spacetime into consideration, the five-dimensional theory may also be an effective description of the more fundamental
higher-dimensional theory. In the reduced five dimensional theory, the moduli fields parametrizing the geometry of the
compactified internal space are nonminimally coupled to the five-dimensional gravity. The five-dimensional effective
action is then given by a class of the scalar-tensor theories. The braneworld models in the five-dimensional scalar-tensor
theory have been considered in e.g., [19–25]. On the other hand, it is known that in superstring theories quantum
corrections appear as the higher-rank curvature terms [26–29] plausibly given by the Lovelock terms [30] which do not
give the higher derivative terms in the equations of motion. The general scheme of the dimensional reduction from
the higher-dimensional Lovelock gravity has been discussed in [31], and the lower dimensional effective theory should
be written in the context of the most general scalar-tensor theories recently discussed in e.g., [32–38]. In addition to
2the self-interactions of the field derivatives, the lower dimensional effective theory also contains nonminimal coupling
of field derivatives to the curvature. The modifications of the brane dynamics in the effective five-dimensional gravity
would appear in the following two ways: The first is via the modification of the solutions to the bulk gravity. The
second is via the generalization of the Israel junction condition [39] (See e.g. [40–43] for the earlier works in this
direction).
Among the various models with field derivative coupling, in this paper we will especially focus on the field derivative
coupling to the Einstein tensor GAB∂Aφ∂Bφ and investigate its roles in the construction of the warped braneworld
models. The highest derivative terms in the equations of motion are still of the second order with thanks to the
contracted Bianchi identities ∇AGAB = 0. Thus among the various types of field derivative coupling to gravity,
the coupling to the Einstein tensor provides almost the unique possibility for getting the second order equations of
motion. Such a theory has attracted much interest from cosmology [44–58] and black hole [59–62] points of view. In
the context of the braneworld model, the localization of the bulk fields with various spins onto the brane via their
nonminimal derivative coupling to curvature tensors was investigated in Ref. [63].
In this paper, we first formulate the generalized junction conditions for a timelike, codimension-one singular hyper-
surface (=brane) embedded into the general D-dimensional bulk spacetime. The derivatives of the metric components
and the scalar field with respect to the bulk coordinate would have discontinuity across the brane. The mathematical
structure of the generalized junction conditions remains the same as in the case without the field derivative coupling,
except that they also contain the brane intrinsic quantities (See also [64]). With the use of the junction conditions,
we apply them for the construction of the braneworld models embedded into the Z2-symmetric five-dimensional AdS
spacetime. We consider the Minkowski and de Sitter branes embedded into the five-dimensional AdS and supported
by a tension. Finally, we derive the low energy effective gravitational theory realized on the brane.
The paper is constructed as follows: In Sec. II, we derive the equations of motion in the given scalar-tensor theory
with field derivative coupling to the Einstein tensor. In Sec. III, we derive the generalized metric and scalar field
junction conditions by integrating the equations of motion acrosss the brane. In Sec. IV, we derive the Minkowski
and de Sitter brane solutions embedded into the Z2-symmetric five-dimensional AdS spacetime. In Sec. V, we discuss
the low energy effective gravitational theory on the brane. The last Sec. VI is devoted to giving a brief summary.
II. THE EQUATIONS OF MOTION
We consider the D-dimensional spacetime with the (D − 1)-dimensional, timelike, codimension-one boundary hy-
persurface (=brane) in the D-dimensional scalar-tensor theory with the field derivative coupling to the Einstein
tensor
S =
∫
M
dDX
√−g
( 1
2κ2
R − 1
2
(
gAB − zκ 4D−2GAB)∂Aφ∂Bφ− V (φ) + LM [g,Ψ]
)
+
∫
Σ
dD−1x
√−qLb[q, φ, ψ], (1)
where gAB represents the metric of the D-dimensional bulk spacetime, GAB is the Einstein tensor associated with
gAB, and qµν is the induced metric of the (D − 1)-dimensional brane. φ represents the bulk scalar field with mass
dimension D−22 , V (φ) does its bulk potential which does not include the contribution from the brane. X
A and xµ
are the bulk and brane coordinates, respectively. The constants κ and z represent the gravitational and nonminimal
coupling constants, respectively, where κ has mass dimension −D−22 and z is dimensionless. LM [g,Ψ] and Lb[q, φ, ψ]
represent the Lagrangian densities of the matter fields living in the bulk (other than the scalar field) Ψ and those on
the brane ψ, respectively.
The metric of the D-dimensional bulk spacetime (M, gAB) is represented by the Gaussian normal coordinate
ds2 = gABdX
AdXB = dy2 + qµν(x
µ, y)dxµdxν , (2)
where y denotes the coordinate along the D-th direction and xµ does that of the (D− 1)-dimensional spacetime along
the brane. The brane (Σ, qµν), i.e., the boundary singular hypersurface labeled by the coordinate x
µ, is assumed to
be located at y = 0. The extrinsic curvature tensor on each constant y slice is given by
Kµν =
1
2
qµν,y , K = q
µνKµν =
1√−q ∂y
(√−q). (3)
The nonzero components of the curvature tensors and derivatives of the scalar field in the D-dimensional spacetime
Eq. (2) are listed in the Appendix A.
3Varying the action (1) with respect to the metric gAB, the gravitational equation of motion is given by
GAB + zκ
2D
D−2LAB = κ
2TAB + κ
2T
(M)
AB + κ
2Sµνq
µ
Aq
ν
Bδ(y), (4)
where
TAB = ∇Aφ∇Bφ− 1
2
gAB∇Cφ∇Cφ− V (φ)gAB ,
LAB = −∇A∇Bφ✷φ+∇A∇Cφ∇B∇Cφ+∇Cφ∇DφRACBD − 1
2
∇Aφ∇BφR
+ 2∇(AφRB)C∇Cφ−
1
2
GAB∇Cφ∇Cφ
+ gAB
(
−RCD∇Cφ∇Dφ+ 1
2
(
✷φ
)2 − 1
2
∇C∇Dφ∇C∇Dφ
)
, (5)
and
T
(M)
AB := −
2√−g
δ
δgAB
(√−gLM), Sµν := − 2√−q
δ
δqµν
(√−qLb), (6)
represent the energy-momentum tensors of the bulk matter fields (other than the scalar field) and that of the brane
localized matter fields, respectively.
Varying the action (1) with respect to the scalar field φ, the scalar field equation of motion is given by
(
gAB − zκ 4D−2GAB
)
∇A∇Bφ = dV
dφ
− δLb
δφ
δ(y). (7)
III. THE JUNCTION CONDITIONS
After giving the equations of motion, by integrating them across the brane with respect to y, we derive the junction
conditions of the metric components and the scalar field.
First, in order to define the unique induced metric and the amplitude of the scalar field on the brane, we assume
that the metric components in (2) and the scalar field amplitude φ are continuous across the brane
[
qµν
]+
−
= 0,
[
φ
]+
−
= 0, (8)
where [A] := A|y=0+ − A|y=0− denotes the discontinuity of the physical quantity A across the brane at y = 0. We
also note that the covariant derivatives of the scalar field with respect to the intrisic metric qµν , such as φ|µ and φ|µν ,
as well as the intrinsic curvature terms, such as (q)R, are also continuous across the brane. However, the first order
derivatives of the metric components and the scalar field with respect to the bulk coordinate y, Kµν and φ
′, have the
discontinuity across the brane.
The (y, y) and (y, µ) components of the gravitational equation (4) do not contain the second order derivatives with
respect to y, which provide the Dirac delta function δ(y). On the other hand, the (µ, ν) component of the gravitational
equation (4) contains the second order derivatives such as
Gµν = −Kµν,y + qµνK,y + · · · , (9)
and
Lµν = −φ|µνφ′′ + φ|µφ|νK,y − φ|αφ|µKνα,y − φ|αφ|νKµα,y +
1
2
(
Kµν,y − qµνK,y
)
φ|ρφ|ρ
+ qµν
(
Kρσ,yφ
|ρφ|σ + φ′′(q)✷φ
)
− 1
2
∂y
{(
Kµν − qµνK
)
(φ′)2
}
+ · · · , (10)
where terms of · · · are composed of at most the first order derivatives with respect to y, A|µ represents the covariant
derivative of A with respect to the (D− 1)-dimensional metric qµν , and (q)✷A := qρσA|ρσ is the (D− 1)-dimensional
d’Alembertian. We note that in this paper a prime denotes the derivative with respect to y.
Similarly, in the scalar field equation of motion, the second order derivative terms with respect to y are given by
(
gAB − zκ 4D−2GAB)∇A∇Bφ
=
(
1 +
zκ
4
D−2
2
(q)R
)
φ′′ + zκ
4
D−2
{(
Kρσ,y − qρσK,y
)
φ|ρσ − 1
2
∂y
((
K2 −KρσKρσ
)
φ′
)}
+ · · · . (11)
4Substituting (9) and (10) into the (µ, ν) component of the gravitational equation of motion (4) and integrating it
across the brane, we obtain the junction condition for the metric
[
−
{
1 +
1
2
zκ
2D
D−2
(
φ′2 − φ|ρφ|ρ
)}(
Kµν − qµνK
)
+ zκ
2D
D−2
{
− φ|µνφ′ + φ|µφ|νK − φ|αφ|µKαν − φ|αφ|νKαµ + qµν
(
Kρσφ
|ρφ|σ + φ′(q)✷φ
)}]+
−
= κ2Sµν . (12)
In the Einstein gravity limit z = 0, we recover the Israel junction condition [39]
[
−Kµν + qµνK
]+
−
= κ2Sµν . (13)
Similarly, substituting (11) into (7) and integrating it across the discontinuity, the scalar field junction condition is
given by
[{
1 +
1
2
zκ
4
D−2
(
(q)R+KρσKρσ −K2
)}
φ′ + zκ
4
D−2
(
Kµν − qµνK)φ|µν
]+
−
= −δLb
δφ
. (14)
The equations of (8), (12) and (14) constitute a sef of the generalized junction conditions. We notice that these
junction conditions depend not only the extrinsic quantities Kµν and φ
′ but also on the intrinsic quantities such as
(q)R and φ|µ.
Imposing the Z2-symmetry across the brane y = 0, namely qµν = qµν(x
µ, |y|) and φ = φ(xµ, |y|), the extrinsic
curvature tensor and the scalar field derivative at y = 0+ are given by
−
{
1 +
1
2
zκ
2D
D−2
(
φ′2 − φ|ρφ|ρ
)}(
Kµν − qµνK
)
+ zκ
2D
D−2
{
− φ|µνφ′ + φ|µφ|νK − φ|αφ|µKαν − φ|αφ|νKαµ + qµν
(
Kαβφ
|αφ|β + φ′(q)✷φ
)}∣∣∣
y=0+
=
κ2
2
Sµν , (15)
and {
1 +
1
2
zκ
4
D−2
(
(q)R+KρσKρσ −K2
)}
φ′ + zκ
4
D−2
(
Kµν − qµνK)φ|µν
∣∣∣
y=0+
= −1
2
δLb
δφ
. (16)
In the particular case where the scalar field does not depend on the (D − 1)-dimensional coordinate xµ, namely
φ = φ(y), these boundary conditions reduce to
(
1 +
1
2
zκ
2D
D−2 (φ′)2
)(
Kµν − qµνK
)∣∣∣
y=0+
= −κ
2
2
Sµν , (17)
and {
1 +
1
2
zκ
4
D−2
(
(q)R+KρσKρσ −K2
)}
φ′
∣∣∣
y=0+
= −1
2
δLb
δφ
. (18)
Using (A5), (18) can be rewritten as
(
1− zκ 4D−2Gyy
)
φ′
∣∣∣
y=0+
= −1
2
δLb
δφ
. (19)
The (y, µ) component of the gravitational equation of motion is given by
Gyµ + zκ
2D
D−2Lyµ = κ
2φ′φ|µ, (20)
where
Gyµ = K
ρ
µ|ρ −K|µ,
Lyµ = −
(
Kφ′ + (q)✷φ
)(
(φ|µ)
′ −Kµρφ|ρ
)
+ qαβ
(
φ|αµ +Kαµφ
′
)(
(φ|β)
′ −Kβρφ|ρ
)− 1
2
φ|µφ
′
(
KρσKρσ −K2
)
+
(
Kαµ|β −Kαβ|µ
)
φ|αφ|β +
(
Kρα|ρ −K|α
)
φ|µφ
|α − 1
2
(
Kρµ|ρ −K|µ
)
φ|αφ|α
+
1
2
(
Kρµ|ρ −K|µ
)
(φ′)2 + φ′φ|ν
(
(q)Gµν +KµρK
ρ
ν −KKµν
)
. (21)
5In the case where the scalar field does not depend on the brane coordinate, φ|µ = 0, from (17) we obtain
0 =
(
1 +
1
2
zκ
2D
D−2 (φ′)2
)(
Kρµ|ρ −K|µ
)
= −κ
2
2
Sµν
|ν , (22)
and hence the energy-momentum tensor of the matter on the brane is conserved, Sµν
|ν = 0. On the other hand, if the
scalar field also depends on the brane coordinate xµ, there may be the energy exchange between the matter localized
on the brane and the bulk scalar field.
IV. THE MINKOWSKI AND DE SITTER BRANE SOLUTIONS
In the rest of the paper, we will focus on the case of D = 5 and apply the formula obtained in the previous
sections to the construction of the braneworld solutions in the Z2 symmetric AdS bulk. In this section, we derive the
exact braneworld solutions embedded in the five-dimensional AdS spactime. We assume a negative bulk cosmological
constant Λ < 0 (a constant negative bulk potential V (φ) = Λ
κ2
in the equations of motion (4) and (7)), and no
matter field other than the scalar field in the bulk LM = 0. In general, it is difficult to obtain the exact solutions
of the equations of motion in the bulk (4) and (7) for a nonconstant bulk potential V (φ). Because of our choice
of the constant potential, despite the presence of the bulk scalar field, its contribution appears as the effective bulk
cosmological constant. To obtain the braneworld solutions for a noncontant bulk potential V (φ) will be left for the
future work.
A. The AdS spacetime
In this section, we assume the following ansatz for the bulk metric and the scalar field
ds2 = dy2 + a(y)2γµνdx
µdxµ, φ = φ(y), (23)
where a(y) represents the warp factor and γµν does the maximally symmetric four-dimensional spacetime with the
non-negative constant curvature Rµν [γ] = 3H
2γµν . If γµν represents the four-dimensional de Sitter spacetime, the
positive H represents the constant Hubble expansion rate of the de Sitter spacetime. The nonzero components of the
curvature tensors associated with the metric (23) are listed in Appendix A. Using Eqs. (A11), (A12) and (A13), the
(y, y) and the trace of (µ, ν) components of the gravitational equations of motion (4) are explicitly given by
6
[(a′
a
)2
− H
2
a2
]
− 1
2
κ2(φ′)2 + Λ + 3zκ
10
3
[
3
(a′
a
)2
− H
2
a2
]
(φ′)2 = 0, (24)
3
[(a′
a
)2
+
a′′
a
− H
2
a2
]
+
1
2
κ2(φ′)2 + Λ+
3
2
zκ
10
3
{[(a′
a
)2
+
a′′
a
+
H2
a2
]
(φ′)2 +
a′
a
[(
φ′
)2]′}
= 0. (25)
All the other components of the gravitational equations are trivially satisfied. From Eq. (A14), the scalar field
equation of motion (7) (multiplied by φ′) is given by
{
1− 6zκ 43
[(a′
a
)2
− H
2
a2
]}[
(φ′)2
]′
+
8a′
a
{
1− 3zκ 43
[a′′
a
+
(a′
a
)2
− H
2
a2
]}
(φ′)2 = 0. (26)
After solving the equations (25) and (26), we will check the consistency with the constraint (24). In the next
subsubsections, we will derive the AdS solution with the sections of the four-dimensional Minkowski and de Sitter
spacetime.
1. The AdS solution with the section of the four-dimensional Minkowski spacetime
We derive the solutions of the AdS spacetime where γµν in (23) represents the four-dimensional Minkowski space-
time. We assume the vanishing Hubble expansion rate H = 0 and the form of the warp factor
a(y) = e−
y
ℓ , (27)
where ℓ represents the curvature scale of the five-dimensional AdS spacetime. Substituting Eq. (27) into the scalar
field equation of motion (26), we obtain
(
ℓ2 − 6zκ 43 )[− 8(φ′)2 + ℓ((φ′)2)′] = 0. (28)
6There are two cases which satisfy the scalar field equation of motion (28), (a):
ℓ =
√
6zκ
2
3 . (29)
and (b): −8(φ′)2 + ℓ((φ′)2)′ = 0.
First, we consider the case (a). Eq. (29) gives z > 0 and then (25) reduces to
1
zκ
4
3
+ Λ + κ2(φ′(y))2 − 1
2
√
3z
2
κ
8
3
[
(φ′(y))2
]′
= 0, (30)
which can be integrated with respect to y as
(φ′(y))2 = − 6
κ2ℓ2
(
1 + Λzκ
4
3
)
+D1e
4y
ℓ , (31)
where D1 is an integration constant. From the remaining (24), we find the condition D1e
4y
ℓ = 0, which allows the
choice D1 = 0. Since (φ
′)2 has to be non-negative, we have to impose
1 + Λzκ
4
3 ≤ 0. (32)
Integrating φ′(y) with respect to y once more, with the boundary condition φ(0) = 0, we obtain the AdS solution
with the section of the Minkowski spacetime
a(y) = e−
y
ℓ , φ(y) = ±
√
−6(1 + Λzκ 43 ) y
κℓ
, ℓ =
√
6zκ
2
3 . (33)
Note that the solution Eq. (33) does not require the tuning relation between Λ and z, except for the conditions z > 0
and (32). Also, without loss of the generality, in the discussions below, we will choose the negative branch of φ(y).
Next, we consider the case (b), which gives (φ(y)′)2 = D2e
8y
ℓ after the integration with respect to y, where D2 is
an integration constant. The gravitational equations of motion (24) and (25) then reduce to
D2 e
8y
ℓ κ2
(− ℓ2 + 18zκ 43 )+ 2(6 + Λℓ2) = 0, D2 e 8yℓ κ2(ℓ2 − 18zκ 43 )+ 2(6 + Λℓ2) = 0. (34)
The only possibility to satisfy both of them for an arbitrary y is to impose
ℓ = 3
√
2zκ
2
3 , Λ = − 1
3zκ
4
3
= − 6
ℓ2
. (35)
Integrating φ′(y) once more with the boundary condition φ(0) = 0,
φ(y) = ± ℓ
4
√
D2
(
e
4y
ℓ − 1
)
. (36)
The solution (36) requires the tuning relation between Λ and z (35). The value Λzκ
4
3 = − 13 is out of the condition
imposed in (32). In the discussions below, we will focus on case that the condition (32) is satisfied and will not
consider the solution of (36).
2. The AdS solution with the section of the four-dimensional de Sitter spacetime
We then derive the solutions of the AdS spacetime where γµν in (23) represents the four-dimensional de Sitter
spacetime. We assume the positive Hubble expansion rate H > 0 and the form of the warp factor
a(y) = Hℓ sinh
(y0 − y
ℓ
)
, (37)
where ℓ represents the curvature scale of the AdS spacetime and y0 is a constant. Here we assume that 0 < y < y0 and
the position y = y0 corresponds to the AdS horizon. Substituting Eq. (37) into the scalar field equation of motion
(26), we obtain
(
ℓ2 − 6zκ 43 )[− 8 coth (y0 − y
ℓ
)
(φ′)2 + ℓ
(
(φ′)2
)′]
= 0. (38)
7To satisfy Eq. (38), again there are two cases, (a): Eq. (29) and (b): −8 coth (y0−y
ℓ
)
(φ′)2 + ℓ
(
(φ′)2
)′
= 0. The case
(a) is very similar to that in the previous subsubsection.
First, we consider the case (a). Eq. (29) imposes z > 0 and then the gravitational equation of motion (25) reduces
to
1
zκ
4
3
+ Λ+
κ2
2
cosh
(2
ℓ
(y0 − y)
)
sinh−2
(1
ℓ
(y0 − y)
)
(φ′(y))2 − 1
2
√
3z
2
κ
8
3 coth
(1
ℓ
(y0 − y)
){
(φ′(y))2
}′
= 0, (39)
which can be integrated with respect to y as
(φ′(y))2 = − 6
κ2ℓ2
(
1 + Λzκ
4
3
)
tanh2
(1
ℓ
(y0 − y)
)
+ D˜1 sinh
−2
(2
ℓ
(y0 − y)
)
, (40)
where D˜1 is an integration constant. From the remaining (24), we find D˜1 sinh
−4
(
1
ℓ
(y0−y)
)
= 0, which gives D˜1 = 0.
Since (φ′)2 has to be non-negative, we have to impose (32). Integrating φ′(y) once more by setting the boundary
condition φ(0) = 0, we obtain the AdS solution
a(y) = Hℓ sinh
(y0 − y
ℓ
)
, φ(y) = ±
√
−6(1 + Λzκ 43 ) 1
κ
ln
(cosh (y0−y
ℓ
)
cosh
(
y0
ℓ
) ), ℓ = √6zκ 23 . (41)
Again, the solution Eq. (41) does not require the tuning relation between Λ and z, except for the conditions z > 0
and (32). Also, without loss of the generality, in the discussions below, we will choose the negative branch of φ(y).
Next, we consider the case (b), which gives (φ(y)′)2 = D˜2 sinh
−8
(
1
ℓ
(y0 − y)
)
after the integration with respect to
y, where D˜2 is an integration constant. The gravitational equations of motion (24) and (25) then reduce to
2(6 + ℓ2Λ) + κ2D˜2 sinh
−8
(1
ℓ
(y0 − y)
)[
− ℓ2 + 18zκ 43 + 12zκ 43 sinh−2
(1
ℓ
(y0 − y)
)]
= 0,
2(6 + ℓ2Λ) + κ2D˜2 sinh
−8
(1
ℓ
(y0 − y)
)[
ℓ2 − 18zκ 43 − 18zκ 43 sinh−2
(1
ℓ
(y0 − y)
)]
= 0, (42)
which are incompatible for an arbitrary y. Thus there is no AdS solution from the case (b), in contrast to the case of
the section of the Minkowski spacetime discussed in the subsubsection IV-A-1.
Therefore, the solutions Eqs. (33) and (41) give the general AdS solutions for the sections of the four-dimensional
Minkowski and de Sitter spacetime, respectively, in the sense that they do not require the tuning relation between
z and Λ (except for the restrictions (32) and z > 0). Hence, in the rest of this section, we will focus on the AdS
solutions (33) and (41) for obtaining the Minkowski and de Sitter brane solutions, respectively. In these solutions
(33) and (41) obtained from Eq. (29), the five-dimensional AdS spacetime satisfies
GAB =
1
zκ
4
3
gAB = −ΛeffgAB. (43)
The effective cosmological constant becomes negative Λeff < 0, because of z > 0.
In our solutions the effect of the bulk scalar field with the field derivative coupling to the Einstein tensor appears
as the effective cosmological constant Λeff . This is the case that because of the constant potential V (φ) =
Λ
κ2
, dV
dφ
= 0
and the scalar field equation motion (7) is trivially satisfied. For a nonconstant potential V (φ), dV
dφ
6= 0 and solving
the scalar field equation of motion (7) would be a more involved problem.
The braneworld solutions can be realized in the Z2-symmetric AdS background, obtained by replacing y with |y|
in the pure AdS solutions Eqs. (33) and (41).
3. The junction conditions
Next, we focus on the junction conditions. From (19) and (43), we find δLb
δφ
= 0. Thus for our construction, the
scalar field is not coupled to the brane, and the maximally symmetric brane can be supported by the constant tension
Lb = −σ, (44)
where σ = const. is the brane tension. Therefore, we just need to solve (17) to determine the brane tension.
8B. The Minkowski brane solutions
We first consider the Minkowski braneworld solution, given by γµν = ηµν and the warp factor in (33) with y → |y|,
a(y) = e−
|y|
ℓ , (45)
The absolute value for the bulk coordinate |y| reflects the Z2-symmetry across the brane at y = 0. Without loss of
generality, the configuration of the scalar field is given by the negative branch of Eq. (33) with y → |y|,
φ(y) = −
√
−6(1 + Λzκ 43 ) |y|
κℓ
, (46)
where the integration constant is chosen to be φ(0) = 0. In order to make configuration of the scalar field to be
physical, we have to impose the condition (32). which leads to Λ ≤ Λeff or equivalently Λ ≤ − 6ℓ2 . We notice that the
equality in (32) holds for the case where the scalar field becomes trivial.
The metric junction (17) gives the brane tension
κ2σ =
6
ℓ
[
1− 1
2
(
1 + Λzκ
4
3
)]
. (47)
From (32), we find that σ > 0.
C. The de Sitter brane solutions
Next, we focus on the de Sitter braneworld solutions with the expansion rate H , where the warp factor is given by
Eq. (41) with y → |y|,
a(y) = Hℓ sinh
(y0 − |y|
ℓ
)
. (48)
The bulk region of the spacetime is −y0 < y < y0 and y = ±y0 corresponds to the bulk AdS horizon. The scalar field
equation of motion is automatically satisfied.
Without loss of generality, the configuration of the scalar field is given by by the negative branch of Eq. (41) with
y → |y|,
φ(y) =
√
−6(1 + Λzκ 43 ) 1
κ
ln
(cosh (y0−|y|
ℓ
)
cosh
(
y0
ℓ
) ), (49)
where the integration constant is chosen to be φ(0) = 0. We require that at the brane position y = 0 so that γµν
represents the physical four-dimensional metric on the brane Hℓ sinh
(
y0
ℓ
)
= 1. As for the Minkowski brane solution,
we have to impose the condition Eq. (32). The scalar field becomes trivial for 1 + Λzκ
4
3 = 0.
The metric boundary condition (17) gives the brane tension
κ2σ =
6
ℓ
√
1 + (Hℓ)2
[
1− 1
2
1 + Λzκ
4
3
1 + (Hℓ)2
]
. (50)
From (32), we always have σ > 0. Solving Eq. (50) in terms of H ,
√
1 +H2±ℓ
2 =
1
2
(κ2σℓ
6
±
√
κ4σ2ℓ2
36
+ 2(1 + Λzκ
4
3 )
)
, (51)
where H+ and H− take the upper and lower branches, respectively. In order for H
2
± to be real, the quantity inside
the square root in the right-hand side of (51) must be positive, leading to the lower bound on the brane tension,
κ2σ ≥ 6
ℓ
√
−2(1 + Λzκ 43 ). (52)
9From (51), it is clear that as the brane tension increases,H+ increases while H− decreases. The condition for obtaining
the physical solution is that the right-hand side of (51) must be greater than unity. To make things more explicit, let
us investigate the behavior of the function
F±(X) =
1
2
(
X ±
√
X2 − Y 2
)
, (53)
where we have defined the dimensionless quantities
X :=
κ2σℓ
6
, Y :=
√
−2(1 + Λzκ 43 ). (54)
We notice that the functions F±(X) are defined for X ≥ Y , which is equivalent to (52). The behaviors of F±(X)
are shown in Fig. 1. For Y < 2, F+(X) is greater than unity for X > 1 +
1
4Y
2, while for Y > 2 F+(X) is always
1 2 3 4
X
1
2
3
4
FIG. 1: The functions F±(X) are shown as the function of X. The red and blue curves correspond to F+ and F−, respectively.
For each case, the thick, solid and dashed curves correspond to Y = 1, 2, 3, respectively. The black horizontal line shows the
threshold value F± = 1.
greater than unity. On the other hand, if Y > 2, F−(X) can be greater than unity for Y < X < 1+
1
4Y
2. From these
properties, we can discuss the existence of the solutions.
1. The H+ solution
The H+ solution can always provide the physical de Sitter spacetime for 1 + Λzκ
4
3 < −2. On the other hand, in
the opposite case that 1 + Λzκ
4
3 > −2, the solution can provide the de Sitter spacetime if the brane tension satisfies
κ2σ >
6
ℓ
[
1− 1
2
(1 + Λzκ
4
3 )
]
. (55)
The latter case also covers the condition for the de Sitter brane solutions in the case with a trivial scalar field, κ2σ > 6
ℓ
.
2. The H− solution
In order to make the H− solution to be physical, we require 1 + Λzκ
4
3 < −2 and
κ2σ <
6
ℓ
[
1− 1
2
(
1 + Λzκ
4
3
)]
. (56)
Thus the H− solution does not contain the smooth limit to the case with a trivial scalar field 1 + Λzκ
4
3 → 0. This
branch has the smaller expansion rate H− < H+ for a given brane tension, and for a larger brane tension, H−
decreases. When the upper bound (56) is saturated, H− vanishes.
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V. THE LOW ENERGY EFFECTIVE THEORY ON THE BRANE
Before closing this paper, using the gradient expansion approach [65–67], we derive the effective gravitational theory
realized on the brane at the energy low regime. Here we consider the situation that the brane intrinsic curvature is
much smaller than that of the bulk AdS spacetime. For simplicity, again, we assume the Z2-symmetry across the
brane, LM = 0 and V (φ) = Λκ2 .
A. The expansion scheme
We define the small parameter which characterizes the low energy expansion of the bulk degrees of freedom
ǫ =
∣∣(h)R∣∣ℓ2(≪ 1), (57)
where (h)R is the intrinsic scalar curvature on the brane and ℓ is the bulk AdS curvature scale given below. We
assume the relation between the extrinsic and intrinsic derivatives
∂µA ∼ ǫ 12 ∂yA. (58)
We expand the bulk metric in terms of ǫ as
qµν(x
µ, y) = a2(y)
[
hµν(x
µ) + q(1)µν (x
µ, y) + q(2)µν (x
µ, y) + · · ·
]
, (59)
where A(n) is the quantity of O(ǫn). The extrinsic curvature tensor is also expanded as
Kµν = K
(0)µ
ν +K
(1)µ
ν +K
(2)µ
ν + · · · . (60)
Without the loss of generality, we can set boundary conditions on the brane a(0) = 1 and q
(i)
µν (xµ, 0) = 0 (i =
1, 2, 3, · · · ), hence the physical metric on the brane is given by qµν(xµ, 0) = hµν(xµ). In this section, we decompose
the extrinsic curvature into the trace and traceless components,
Kµν =
1
4
Kδµν +Σ
µ
ν , K =
1√−q
∂
∂y
(
√−q), Σµµ = 0. (61)
Similarly, the scalar field is expanded as
φ = φ(0) + φ(1) + φ(2) + · · · , (62)
where we require the boundary condition φ(xµ, 0) = ϕ(xµ) so that ϕ(xµ) becomes the boundary value of the scalar
field. In this way, expanding the equations of motion (4) and (7) (except for the δ(y) terms) in terms of ǫ, at each
order we solve them with the given boundary conditions on the brane obtained from the corresponding expansion of
Eqs. (15) and (16). In this paper, for simplicity, we will focus on the solutions at the zeroth and first orders. In our
case it is interesting to see how the contribution of the bulk scalar field gives the deviation from the four-dimensional
Einstein gravity.
The energy-momentum tensor on the brane is given by
Sµν = −σδµν + τµν(xµ), (63)
where σ is the brane tension and τµν is the energy-momentum tensor of the ordinary matter localized on the brane.
As we will see, the zeroth order part of the junction condition determines the tension and the the first order part
determines τµν . The variation of the brane Lagrangian density with respect to the scalar field is denoted by
U(ϕ) :=
δLb
δφ
∣∣∣
φ=ϕ
. (64)
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B. The zeroth order solution
The zeroth order part of the traceless part of the (µ, ν) component of the bulk gravitational equation of motion (4)
is given by
(
1 +
1
2
zκ
10
3 (φ(0)′)2
)(
Σ(0)µν,y +K
(0)Σ(0)µν
)
+
1
2
zκ
10
3
(
(φ(0)′)2
)′
Σ(0)µν = 0. (65)
Imposing (φ(0))′′ = 0 and integrating (65), we obtain
Σ(0)µν =
Fµν(x
µ)√−q , (66)
where Fµν(x
µ) is the traceless integration constant. We require that there is no anisotropy on the brane at the level
of the zeroth order and hence set Fµν(x
µ) = 0. The zeroth order part of the remaining components of the bulk
gravitational equation of motion (4) is then given by
(1
2
+
3
4
zκ
10
3 (φ(0)′)2
)3
4
(
K(0)
)
2 =
1
2
κ2(φ(0)′)2 − Λ,
(
1 +
1
2
zκ
10
3 (φ(0)′)2
)(
3K(0),y +
3
2
(
K(0)
)
2
)
= −4
{1
2
κ2(φ(0)′)2 + Λ
}
. (67)
Assuming K
(0)
,y = 0 they can be algebraically solved as
K(0) = −4
ℓ
, φ(0)′ = −
√
−6
(
1 + Λzκ
4
3
) 1
κℓ
. (68)
where ℓ =
√
6zκ
2
3 is being the AdS curvature scale. From the definition of the extrinsic curvature,
K(0)µν =
1
2
( ∂
∂y
a(y)2
)
hµν(x
µ), (69)
and integrating (68) with respect to y once more and setting the integration constants to satisfy the boundary
conditions on the brane a(0) = 1 and φ(0) = ϕ(xµ), the bulk metric and the configuration of the scalar field at the
zeroth order are found to be
ds2 = dy2 + a(y)2hµν(x
µ)dxµdxν ,
a(y) = e−
|y|
ℓ ,
φ(0) = −
√
−6(1 + Λzκ 43 ) |y|
κℓ
+ ϕ(xµ), (70)
where the absolute value |y| reflects the Z2 symmetry across the brane. The bulk metric also gives the spacetime
curvature at the zeroth order
G(0)AB =
1
zκ
4
3
δAB, (71)
for which the zeroth order part of the bulk scalar field equation of motion (7) is automatically satisfied. We have to
impose the same condition as Eq. (32). It is also straightforward to check that the O(ǫ
1
2 ) part of the (y, µ) component
of the gravitational equation (20) is satisfied.
We then investigate the junction conditions on the brane. The zeroth order part of the metric boundary condition
(15) gives the same brane tension as (47). The zeroth order part of the scalar field boundary condition (16) gives
U(ϕ) = O(ǫ), because the left-hand side of (16) vanishes at the zeroth order. Thus at the zeroth order level, the bulk
scalar field is not coupled to the brane.
C. The effective gravitational theory on the brane
In this subsection, we investigate the solution to the bulk equations of motion at the first order of the gradient
expansion and derive the effective gravitational equations on the brane at the low energy regimes. At the first order
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equations of motion, we may approximate (q)Rµν =
1
a(y)2
(h)Rµν(x
µ) in the bulk, where (h)Rµν is the Ricci tensor for
the brane metric hµν(x
µ). From the discussions in the previous subsections, we impose the boundary conditions on
the brane q
(1)
µν (xµ, 0) = 0 and φ(1)(xµ, 0) = 0.
At the first order, the traceless part of the (µ, ν) component of the gravitational equation (4) is given by
− 1
a(y)4
{
a(y)4
(
1− 1
2
(
1 + Λκ
4
3 z
))
Σ(1)µν
}
,y
+
1
a2(y)
(
1 +
1
2
(
1 + Λκ
4
3 z
))(
(h)Rµν(x
µ)− 1
4
δµν
(h)R(xµ)
)
+
κ2ℓ
3a(y)2
(φ(0))′
(
DµDνϕ(x
µ)− 1
4
δµν
(h)
✷ϕ(xµ)
)
− κ
2
3a(y)2
(
Dµϕ(xµ)Dνϕ(x
µ)− 1
4
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)
= 0, (72)
where Dµ is the covariant derivative with respect to hµν and
(h)
✷ := hµνDµDν . Integrating Eq. (72) with respect to
y, we obtain
(
1− 1
2
(
1 + Λκ
4
3 z
))
Σ(1)µν = − ℓ
2a2(y)
(
1 +
1
2
(
1 + Λκ
4
3 z
))(
(h)Rµν(x
µ)− 1
4
δµν
(h)R(xµ)
)
− κ
2ℓ2
6a(y)2
(φ(0))′
(
DµDνϕ(x
µ)− 1
4
δµν
(h)
✷ϕ(xµ)
)
+
κ2ℓ
6a(y)2
(
Dµϕ(xµ)Dνϕ(x
µ)− 1
4
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)
+
ℓ
2a(y)4
ψµν(x
µ), (73)
where ψµν(x
µ) is the integration constant satisfying the traceless condition ψµµ(x
µ) = 0. Taking the limit to the
brane y → 0 with a(0) = 1,
(
1− 1
2
(
1 + Λκ
4
3 z
))
Σ(1)µν = − ℓ
2
(
1 +
1
2
(
1 + Λκ
4
3 z
))(
(h)Rµν(x
µ)− 1
4
δµν
(h)R(xµ)
)
− κ
2ℓ2
6
(φ(0))′
(
DµDνϕ(x
µ)− 1
4
δµν
(h)
✷ϕ(xµ)
)
+
κ2ℓ
6
(
Dµϕ(xµ)Dνϕ(x
µ)− 1
4
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)
+
ℓ
2
ψµν(x
µ). (74)
Similarly, the first order part of the trace part of the (µ, ν) component of the gravitational equation (4) is given by
3
a(y)4
{
a(y)4
[(
1− 1
2
(
1 + Λκ
4
3 z
))
K(1) − 2
3
κ2ℓ(φ(0))′(φ(1))′
]}
,y
− 1
a(y)2
[(
1 +
1
2
(
1 + Λκ
4
3 z
))
(h)R(xµ) + κ2ℓ(φ(0))′(h)✷ϕ(xµ)− κ2Dρϕ(xµ)Dρϕ(xµ)
]
= 0, (75)
which is integrated as
(
1− 1
2
(
1 + Λκ
4
3 z
))
K(1) − 2
3
κ2ℓ(φ(0))′(φ(1))′
= − ℓ
6a(y)2
[(
1 +
1
2
(
1 + Λκ
4
3 z
))
(h)R(xµ) + κ2ℓ(φ(0))′(h)✷ϕ(xµ)− κ2Dρϕ(xµ)Dρϕ(xµ)
]
+
C(xµ)
a(y)4
, (76)
where C(xµ) is an integration constant. The (y, y) component of the gravitational equation gives the constraint
condition in the bulk(
1− 3
2
(
1 + Λκ
4
3 z
))
K(1) − 2
3
κ2ℓ(φ(0))′(φ(1))′ = − ℓ
6a(y)2
(
1− 1
2
(
1 + Λκ
4
3 z
))
(h)R(xµ)− κ
2ℓ2
6a(y)2
(φ(0))′(h)✷ϕ(xµ)
+
κ2ℓ
6a(y)2
Dρϕ(xµ)Dρϕ(x
µ), (77)
whose projection onto the brane is given by
(
1− 3
2
(
1 + Λκ
4
3 z
))
K(1) − 2
3
κ2ℓ(φ(0))′(φ(1))′ = − ℓ
6
(
1− 1
2
(
1 + Λκ
4
3 z
))
(h)R(xµ)− κ
2ℓ2
6
(φ(0))′(h)✷ϕ(xµ)
+
κ2ℓ
6
Dρϕ(xµ)Dρϕ(x
µ). (78)
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The first order part of the bulk scalar field equation of motion (7) is given by
1
a(y)4
(
a(y)4K(1)
)
,y
− 1
3a(y)2
(h)R(xµ) = 0, (79)
which is integrated as
K(1) = − ℓ
6a(y)2
(h)R(xµ) +
Φ(xµ)
a(y)4
, (80)
where Φ(xµ) is another integration constant which is also determined by the boundary condition on the brane. We
note that φ(1) does not appear in the first order part of the bulk scalar field equation of motion (79), because of the
triviality of the bulk scalar field equation of motion at the zeroth order.
We then discuss the boundary conditions on the brane. The first order part of the metric boundary condition (15)
is given by
−
(
1− 1
2
(
1 + Λκ
4
3 z
))(
K(1)µν −K(1)δµν
)− 1
2
κ2ℓ(φ(0))′(φ(1))′δµν
=
κ2
2
{
τµν(x
µ) +
1
3
ℓ2(φ(0))′
(
DµDνϕ(x
µ)− δµν(h)✷ϕ(xµ)
)
+
2ℓ
3
(
Dµϕ(xµ)Dνϕ(x
µ)− 1
4
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)}
. (81)
Noting that U(ϕ) defined in (64) is of O(ǫ), the first order part of the scalar field boundary condition (16) is given by
(
K(1) +
ℓ
6
(h)R(xµ)
)(
φ(0)
)′
+ (h)✷ϕ(xµ) = −1
ℓ
U(ϕ). (82)
Taking the trace of the first order part of the junction condition (81) and combining it with the scalar field junction
condition (82), we obtain
(
1− 3
2
(
1 + Λκ
4
3 z
))
K(1) − 2
3
κ2ℓ2(φ(0))′(φ(1))′
=
ℓ
6
(
1 + Λκ
4
3 z
)
(h)R(xµ) +
1
6
κ2τ(xµ)− 1
3
κ2ℓ2(φ(0))′
(
(h)
✷ϕ(xµ) +
1
2ℓ
U(ϕ)
)
. (83)
Comparing Eq. (83) with (78), we obtain
κ2ℓ
(
φ(0)
)′((h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
−
(
1 +
1
2
(
1 + Λκ
4
3 z
))
(h)R(xµ) + κ2Dρϕ(xµ)Dρϕ(x
µ) =
κ2
ℓ
τ(xµ), (84)
where the scalar field derivative with respect to y, (φ(1))′, does not appear. The integration constant C(xµ) in Eq.
(76) is determined via the trace of (81) and (84) as
C(xµ) =
κ2ℓ2
6
(
φ(0)
)′((h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
. (85)
Similarly, the integration constant Φ(xµ) in Eq. (80) is determined via (82) as
Φ(xµ) = − 1(
φ(0)
)′
(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
. (86)
With (85) and (86), it is straightforward to check that the first order derivatives with respect to y, (76) and (80),
consistently satisfy the constraint relation in the whole bulk (77).
Eliminating Σ(1)µν from (74) with the metric boundary condition (81), we obtain
(
1 +
1
2
(
1 + Λκ
4
3 z
))(
(h)Rµν(x
µ)− 1
4
δµν
(h)R(xµ)
)
=
κ2
ℓ
(
τµν(x
µ)− 1
4
δµντ(x
µ)
)
+ κ2
(
Dµϕ(xµ)Dνϕ(x
µ)
− 1
4
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)
+ ψµν(x
µ). (87)
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Combining the trace and traceless parts, Eqs. (84) and (87), we obtain
(
1 +
1
2
(
1 + Λκ
4
3 z
))
(h)Gµν(x
µ) =
κ2
ℓ
τµν(x
µ) + κ2
(
Dµϕ(xµ)Dνϕ(x
µ)− 1
2
δµνD
ρϕ(xµ)Dρϕ(x
µ)
)
− κ
2ℓ
4
(φ(0))′
(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
δµν + ψ
µ
ν(x
µ). (88)
Eq. (88) can be seen as the effective gravitational equation on the brane. Thus the effective theory on the brane is given
by the four-dimensional Einstein-scalar theory with the corrections from the bulk, where the effective four-dimensional
gravitational constant and the four-dimensional scalar field are given by
κ24 :=
1
1 + 12
(
1 + Λκ
4
3 z
) κ2
ℓ
, (89)
and
ϕ4(x
µ) := ℓ
1
2ϕ(xµ), (90)
respectively. In order to obtain the positive effective gravitational constant κ24 > 0, we obtain the lower bound on
(1 + Λκ
4
3 z). Combining it with (32), we obtain the bound on the combination (1 + Λzκ
4
3 )
− 2 < 1 + Λκ 43 z ≤ 0. (91)
The traceless component ψµν(x
µ) corresponds to the (generalized) dark radiation as in the Randall-Sundrum model
[66].
We then investigate the energy-momentum conservation law on the brane. The O(ǫ
3
2 ) part of the (y, µ) component
of the bulk gravitational equation (20) is given by
0 =
(
1− 1
2
(
1 + Λκ
4
3 z
))(
DµK
(1)µ
ν −DνK(1)
)− κ2ℓ
2
(φ(0))′K(1)Dνϕ(x
µ)
+
κ2ℓ
2
(φ(0))′(Dνφ
(1))′ +
κ2ℓ2
6a(y)2
(φ(0))′(h)Gν
µ(xµ)Dµϕ(x
µ)
− κ
2ℓ
6a(y)2
(
Dνϕ(x
µ)(h)✷ϕ(xµ)−DνDµϕ(xµ)Dµϕ(xµ)
)
. (92)
Substituting the metric and scalar field boundary conditions on the brane Eqs. (81) and (82) into the brane limit of
(92), we obtain
Dµτ
µ
ν(x
µ) = U(ϕ)Dνϕ(x
µ). (93)
Thus if there is no coupling of the brane matter to the bulk scalar field, U(ϕ) = 0, the energy-momentum tensor
of the matter on the brane is conserved. Then, taking the divergence of (88) with the contracted Bianchi identities
Dµ
(h)Gµν = 0, we obtain the generation of the dark radiation on the brane
Dµψ
µ
ν(x
µ) =
κ2ℓ
4
(φ(0))′Dν
(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
− κ2
(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
Dνϕ(x
µ). (94)
Thus in the case that (h)✷ϕ(xµ) + 1
ℓ
U(ϕ) = 0, there is no generation of the dark radiation by the bulk scalar field,
but then from (93) the energy-momentum tensor on the brane is not conserved. On the other hand, in the case that
U(ϕ) = 0, where the energy-momentum tensor on the brane is conserved, the dark radiation is still generated, since
the right-hand side of (94) is nonzero. With Eqs. (73), (76), (85), (86) and (94), it is also straightforward to check
that the constraint (92) is satisfied in the whole bulk.
Integrating (73), (76) and (80) with respect to y once more, with the use of the boundary conditions q
(1)
µν (xµ, 0) = 0
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and φ(1)(xµ, 0) = 0, we find the solutions of the metric and the scalar field at the first order of the gradient expansion
(
1− 1
2
(
1 + Λzκ
4
3
))
q(1)µν (x
µ, y) = − ℓ
2
2
( 1
a(y)2
− 1
){(
1 +
1
2
(
1 + Λzκ
4
3
))(
(h)Rµν(x
µ)− 1
6
(h)R(xµ)hµν(x
µ)
)
− 1
12
(
1 + Λzκ
4
3
)
(h)R(xµ)hµν(x
µ)
}
− κ
2ℓ3
6
(φ(0))′
( 1
a(y)2
− 1
)(
DµDνϕ(x
µ)− 1
4
hµν(x
µ)(h)✷ϕ(xµ)
)
+
κ2ℓ2
6
( 1
a(y)2
− 1
)(
Dµϕ(x
µ)Dνϕ(x
µ)− 1
4
hµν(x
µ)Dρϕ(xµ)Dρϕ(x
µ)
)
+
ℓ2
4
( 1
a(y)4
− 1
){
ψµν(x
µ)
− 1
2ℓ(φ(0))′
(
1− 1
2
(
1 + Λzκ
4
3
))(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
hµν(x
µ)
}
, (95)
and
κ2(φ(0))′φ(1)(xµ, y) =
ℓ
8
( 1
a(y)2
− 1
){(
1 + Λzκ
4
3
)
(h)R(xµ) + κ2ℓ(φ(0))′(h)✷ϕ(xµ)− κ2Dρϕ(xµ)Dρϕ(xµ)
}
− 3
8
( 1
a(y)4
− 1
) 1
(φ(0))′
(
1− 3
2
(
1 + Λzκ
4
3
))(
(h)
✷ϕ(xµ) +
1
ℓ
U(ϕ)
)
. (96)
VI. CONCLUSIONS
In this paper, we have investigated the Randall-Sundrum type five-dimensional braneworld models, focusing on the
the roles of the field derivative coupling to the Einstein tensor in the bulk. The equations of motion remain of the
second order. We have first derived the generalized junction conditions for the metric components and the scalar
field. The junction conditions contain the brane intrinsic quantities because of the nonlinear terms in the equations
of motion.
Next, with the use of these junction conditions, we have derived the Minkowski and de Sitter braneworld solutions
which are embedded into the Z2-symmetric five-dimensional anti-de Sitter (AdS) spacetime. We have derived the
solutions of the AdS spacetime by solving the equations of motion in the bulk. For the given metric ansatz of the five-
dimensional AdS spacetime with the section of the four-dimensional Minkowski or de Sitter spacetime, the scalar field
equation of motion can be satisfied for the two cases: In the first case, the AdS curvature scale has been related to the
derivative coupling constant, and the gravitational equations of motion have fixed the configuration of the scalar field.
In the second case, we could obtain the AdS solution with the section of the four-dimensional Minkowski spacetime if
the derivative coupling constant was tuned to the bulk cosmological constant. In deriving the braneworld solutions,
we have focused on the first case which does not require the tuning relation between the derivative coupling constant
and the cosmological constant. We have found that the brane matter is not coupled to the bulk scalar field and the
brane is supported by the constant brane tension as in the Randall-Sundrum model. The Minkowski brane solution
can be obtained if the brane tension is tuned to the bulk contributions. Once this tuning relation is violated, the de
Sitter brane solutions have been obtained. We have found two branches of the de Sitter brane solutions. One has the
smooth limit to the case with a trivial scalar field, while the other does not. For the same brane tension, the brane
expansion rate for the former branch is always greater than that of the latter branch. As the brane tension increases,
for the former branch the brane expansion rate increases, while for the latter branch this decreases. Therefore, for
the latter branch the expansion rate vanishes for the relatively larger value of the brane tension.
Finally, we have derived the low energy effective gravitational theory realized on the brane. The low energy effective
gravitational theory on the brane is given by the four-dimensional Einstein-scalar theory with the corrections from
the bulk. If there is direct coupling of the brane matter to the bulk scalar field, the energy-momentum tensor of the
matter on the brane is not conserved. The feature of the effective theory has given a bound on the combination of
the parameters in our model as (91).
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Appendix A: The tensor components
1. The general case
In this subsection, we show the components of the curvature tensor for the general bulk spacetime described by the
general Gaussian-normal coordinate (2).
The nonzero components of the Christoffel symbol are given by
Γyµν = −Kµν , Γµαβ = (q)Γµαβ , Γµyα = Kµα, (A1)
where the extrinsic curvature tensor on a constant-y hypersurface is defined in (3).
The nonzero components of the Riemann tensor are given by
Ryαyβ = −Kαβ,y +KαγKγβ,
Rαyβy = −Kαβ,y −KαγKγβ,
Rαµβν =
(q)Rαµβν +K
α
νKµβ −KαβKµν ,
Ryαβγ = −Kαγ|β +Kαβ|γ ,
Rαyµν = K
α
ν|µ −Kαµ|ν . (A2)
The nonzero components of the Ricci tensor are given by
Ryy = −K,y −KαβKαβ ,
Rαβ = −Kαβ,y + (q)Rαβ + 2KαγKγβ −KKαβ,
Ryµ = K
α
µ|α −K|µ. (A3)
The Ricci scalar is given by
R = −2K,y + (q)R −KαβKαβ −K2. (A4)
The nonzero components of the Einstein tensor are given by
Gyy = −1
2
(q)R− 1
2
KαβKαβ +
1
2
K2,
Gαβ = −Kαβ,y + (q)Gαβ + 2KαγKγβ −KKαβ + 1
2
qαβ
(
K2 +KρσKρσ
)
+ qαβK,y,
Gyµ = K
α
µ|α −K|µ. (A5)
The second order covariant derivatives of the scalar field are given by
∇y∇yφ = φ′′, ∇α∇βφ = φ|αβ +Kαβφ′,
∇y∇βφ =
(
φ|α
)′ −Kαβφ|β , ✷φ = φ′′ +Kφ′ + (q)✷φ. (A6)
2. The warped five-dimensional spacetime
In this subsection, we focus on the case of D = 5 and the metric given by (23), where the four-dimensional section
of the metric is given by the maximally symmetric spacetime with the scalar curvature R[γ] = 12H2.
The nonzero components of the Christoffel symbol are given by
Γyµν = −
a′
a
qµν , Γ
µ
αβ =
(q)Γµαβ , Γ
µ
yα =
a′
a
δµα, (A7)
where a(y) is the warp factor.
The nonzero components of the Riemann tensor are given by
Ryαyβ = −a
′′
a
qαβ ,
Rαyβy = −a
′′
a
δαβ ,
Rαµβν =
[(a′
a
)2
− H
2
a2
][
δανqµβ − δαβqµν
]
. (A8)
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The nonzero components of the Ricci tensor are given by
Ryy = −4a
′′
a
,
Rαβ =
[
− a
′′
a
+ 3
(H2
a2
−
(a′
a
)2)]
qαβ . (A9)
The Ricci scalar is given by
R = −8a
′′
a
+ 12
H2
a2
− 12
(a′
a
)2
. (A10)
The nonzero components of the Einstein tensor are given by
Gyy = −6H
2
a2
+ 6
(a′
a
)2
,
Gαβ =
[
3
a′′
a
+ 3
(a′
a
)2
− 3H
2
a2
]
qαβ . (A11)
Concerning the contributions from the nonminimal derivative coupling
Lyy = −3H
2
a2
(φ′)2 + 9
(a′
a
)2
(φ′)2,
Lαβ =
[
3
a′
a
φ′φ′′ +
3
2
a′′
a
(φ′)2 +
3
2
(a′
a
)2
(φ′)2 +
3
2
H2
a2
(φ′)2
]
qαβ . (A12)
The nonzero components of the scalar field energy-momentum tensor are given by
Tyy =
1
2
(φ′)2 − Λ
κ2
,
Tαβ = −1
2
(φ′)2qαβ − Λ
κ2
qαβ , (A13)
for the choice of V (φ) = Λ
κ2
.
The scalar field equation of motion is given by
[
1− 6zκ 43
{(a′
a
)2
− H
2
a2
}]
φ′′ +
4a′
a
φ′
[
1− zκ 43
(
3
a′′
a
+ 3
(a′
a
)2
− 3H
2
a2
)]
= 0. (A14)
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